The two-parameter Minkowski like inequality written for composite quantum system state is obtained for arbitrary Hermitian nonnegative matrix with trace equal to unity. The inequality can be used as entropic and information inequality for density matrix of noncomposite finite quantum system, e.g., for a single qudit state. The analogs of strong subadditivity condition for the single qudit is discussed in context of obtained Minkowski like inequality.
Introduction
There exist inequalities called Minkowski type trace inequalities 1,2 for density matrices of bipartite system. The inequalities reflect some properties of the quantum correlations between subsystem degrees of freedom in the composite quantum system. The inequalities are tracial analog of known Minkowski's inequality for multiple integrals 4 . The Minkowski type inequalities have two forms. The first form corresponds to density matrix inequalities for bipartite finite quantum system depending on a single parameter 1 . Another density matrix inequality for bipartite quantum system depends on two parameters 2 . In Ref. 3 the one-parameter Minkowski type inequality was generalized for the case of a single qudit state which does not contain subsystems.
The aim of our article is to obtain the generalization of two-parameter Minkowski type inequality known for bipartite systems to the case of the single qudit system, in particular for the qutrit and qudit with j = 3/2. We apply the tool obtained in Ref. 5, 6, 7, 8 to use a bijective map of the Hilbert space of a single quantum system onto the Hilbert space H 1 ⊗ H 2 of bipartite quantum system. The tool is similar to the method used to consider the Laplace matrices 9,10 . We shall study the one-and two-parameter Minkowski like inequalities on examples of Werner state 11 and X-state 12 . We extend the notion of X-state to the case of qudit with j = 3/2. Also we apply the method of embedding the qutrit and qudit j = 3/2 spaces of states into the Hilbert spaces of higher dimensions. The new Minkowki type inequality for qutrit and qudit with j = 3/2 are written in an explicit form of matrix inequalities.
The article is organized as follows. In Sec. 2 the one-parameter Minkowski type trace inequality is written for the qudit with j = 3/2. The simulation on examples of Werner and X-state density matrices is presented. In Sec. 3 we remind characteristics of the degree of quantum correlations in the two-qubit system introduced in Ref. 14 on the example of the Werner density matrix for two-qubit system. In Sec. 4 the two-parameter Minkowski type inequality for the qutrit and qudit systems is obtained. The results are demonstrated on the example of the Werner density matrix for the qudit with spin j = 3/2. The conclusion and perspectives are given in Sec. 5.
The One-Parameter Minkowski Type Trace Inequality
Let us define a quantum system on the Hilbert space. The density matrix of the system state in a four-dimensional Hilbert space H is the following
The latter matrix has standard properties of the density matrix, namely, ρ = ρ † and T rρ = 1 hold and its eigenvalues are nonnegative. We can partition the matrix (1) into four 2 × 2 blocks Let us introduce the following notation
where p ≥ 1 is a given real number. The {a ij (p)} are new block matrices which depend on the parameter p. The following inequality
holds. The inequality reverses in case 0 ≤ p < 1. This inequality is one-parameter Minkowki type inequality for the qudit with j = 3/2. Let us denote the residual of the left and right sides in (2) as ∆M(p). For example, if the parameter p is equal to 2 then the latter residual can be represented as
As an example of the qudit state with j = 3/2 one can take the Werner state 11 . It is determined by density matrix of the form 
where −1/3 ≤ r ≤ 1. The parameter domain 1/3 < r ≤ 1 corresponds to the entangled state. Hence, for the p = 2 the inequality (2) is determined by
which leads to 1/3 < r. The ∆M(p) for the Werner state is shown in Figure 1 for various values of the parameter p. If ρ 12 = ρ 13 = ρ 21 = ρ 31 = ρ 24 = ρ 34 = ρ 42 = ρ 43 = 0 holds than the density matrix (1) has the form of the X-state density matrix
where ρ 11 , ρ 22 , ρ 33 , ρ 44 are real positive and ρ 23 , ρ 14 are complex quantities. Thus, it is possible to write the Minkowki type inequalities (2) for the X-state density matrix of the qudit state with spin j = 3/2 13 . For example, for p = 2 the inequality (2) has the following form 
Inequalities for Quantum von Neumann and Tomographic Mutual Information
The tomographic probability representation of spin (qudit) states was introduced in Ref. 15, 16 . In this representation the qudit states with some density matrix ρ are identified with the spin-tomogram which is the probability distribution function determined by the density operator of the states. The spin tomogram is determined by
where m 1,2 = −j, −j + 1, . . . , j, j = 0, 1/2, 1 . . . are spin projections. The rotation matrix U is defined as the direct product of two matrices of irreducible representations of SU (2) -group
The Werner state of two qubits can be taken as the quantum state which can be either separable or entangled depending on the parameter values of its density matrix. The eigenvalues of the density matrix (3) are
Hence, the reduced density matrices of the first and the second qubits are the The von Neumann entropies of both qubit states and the entropy of the whole system are
The quantum information is defined as
and it satisfies the inequality I q ≥ 0. The diagonal matrix elements of
The ω(↑, ↑) ≡ ω + 1 2 , + 1 2 , n 1 , n 2 denotes the tomographic probability. The trace of the rotated density matrix satisfies the normalization condition T r U · ρ · U † = 1. Marginal distributions corresponding to the first and the second qubit density matrices are
By definition of Shannon entropy we can construct the tomographic entropies of the qubit subsystems as
The tomographic Shannon entropy of the bipartite system reads
We define the information by
It satisfies the inequality I t ≥ 0. The residual of the quantum information I q and the maximum of the unitary tomographic information I t is
The residual △I for the maximal entangled Werner state is 
Comparison with negativity and concurrence
For the Werner state (3) the negativity and the concurrence are determined by
respectively. The comparison of the negativity, the concurrence and (5) is shown in Figure 2 . 
The Two-Parameter Minkowski Type Trace Inequality
Analogously to Sec. 2, the two-parameter Minkowski type trace inequality can be introduced for the qudit system. Let us define the qudit density matrix in the block form where ρ = ρ † , T rρ = 1, ρ ≥ 0. For the given real numbers p and q we introduce the following notations
The new Minkowski type trace inequality for the qudit system reads
The inequality holds for all 1 ≤ p ≤ 2, otherwise it should be reversed. For the qudit system with j = 3/2 and with the matrix (1), the latter inequality can be rewritten as T r (a 11 (q) + a 22 (q))
Let us denote the residual of the left and right sides of (8) as ∆M(p, q). The ∆M(p, q) of the Werner state (3) is shown in Figures 3 and 4 for various values of parameters p and q. 
we can use the results of 17 . To this end, we add the matrix (9) with zero row and column so that its dimension becomes 4 × 4, i.e. 
Hence, it can be rewritten in the block form as in Sec. In these notations, the inequality (8) is true for the qutrit system. Analogously, any density matrix can be added with zero rows and columns and the Minkowski type inequality (7) can be used for them.
Conclusion
To conclude we point out the main results of our work. We develop the approach of Ref. 
